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Abstract. We prove the existence of Sasaki-Einstein metrics on certain sim- 
ply connected 5-manifolds where until now existence was unknown. All of 
these manifolds have non-trivial torsion classes. On several of these we show 
that there are a countable infinity of deformation classes of Sasaki-Einstein 
structures. 



1. Introduction 

Sasakian geometry has recently proven to be a rich source for the production of 
positive Einstein metrics. In |BG01| a method for obtaining such Sasaki-Einstein 
metrics was introduced and developed in much more detail in |BGN02al IBGN02bl 
IBGNOSbl IBG03I IBGK05I IBGKT051 IBG06. ,BG05j. I n particular, dimension 5 is 
quite tractable due the Smale-Barden [Sma621 IBar65| classification of simply con- 
nected 5-manifolds. However, it is well-known that any simply connected Sasaki- 
Einstein manifold must be spin, so Smalc's classification of simply connected spin 
5-manifolds is what is needed for us. We refer to such manifolds as Smale manifolds. 
It is convenient to divide the Smalc manifolds into 3 classes: the simply connected 
rational homology spheres, including S^; the torsion free Smale manifolds with pos- 
itive second Betti number, that is the fc-fold connected sums of x with fc > 1; 
and the mixed type, that is, connected sums of torsion free Smale manifolds with 
simply connected rational homology spheres. 

An important question in Riemannian geometry involves varying notions of pos- 
itive curvature. In order of decreasing strength they are: positive sectional cur- 
vature, positive Ricci curvature, and positive scalar curvature. In particular, it is 
of much interest to determine which manifolds admit or cannot admit Riemann- 
ian metrics of positive Ricci curvature. It follows from the transverse version of 
the Calabi-Yau theorem |EKA90[ IBGNOSai IBGN03c| that positive Sasaki-Seifert 
structures give Sasakian metrics of positive Ricci curvature. Of course, since any 
Sasaki-Einstein metric has positive Einstein constant, they automatically give Rie- 
mannian metrics of positive Ricci curvature. We are, therefore, interested in the 
following: 
Problems: 

(1) Determine precisely which Smalc manifolds admit positive Sasakian struc- 
tures. 

(2) Determine the cardinality of the set of positive Sasaki-Scifert structures on 
each Smale manifold. 

(3) Determine which Smale manifolds admit Sasaki-Einstein metrics. 
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(4) Determine the cardinality of the set of deformation classes of Sasaki- Einstein 
structures. 

Note that (3) is a subset of (1) and (4) of (2). All four problems have been 
completely solved for k{S^ x S^) |B(;!N03al iBGNOSbl IKoIOT) . In the case of sim- 
ply connected rational homology spheres, problem (1) has been solved completely 
jKol05| . problem (2) is partially solved, and problem (3) is done with the exception 
of the manifolds nMz forn > 2 |BG06[ [Kol05l IBG08| . Moreover, nMj admits infin- 
itely many positive Sasaki-Seifert structures for each n > which can be realized by 
links of weighted homogeneous polynomials (see Theorem 10.2.9 of [BG08j ). Recall 
that KoUar |Kol05| has shown that in order for a simply connected 5-manifold to ad- 
mit a positive Sasakian structure very stringent conditions on the torsion subgroup 
of H2{M,'L) must hold. Specifically 

Theorem 1.1 (KoUar). Let M be a simply connected 5-manifold and suppose that 
M admits a positive Sasakian structure. Then H2{M,'Z)tor must be one of the 
following groups: 

Z^„,Z^",Z;^,Z^,Z^,ZtZ^ with n > 1 and ?7i > 1. 

In particular, if M admits a Sasaki-Einstein metric, then H2{M,'L)tor must be one 
of these groups. (Note that m = 1 means zero torsion.) 

Until now what is known about the existence of Sasaki-Einstein metrics as well as 
positive Ricci curvature Sasakian metrics on Smale manifolds appears in Chapters 
10 and 11 of |BG08| . In fact. Corollary 11.4.14 of |BG08| gives a hst of all Smale 
manifolds that can possibly admit a Sasaki-Einstein metric, and indicates those for 
which existence is known. It is the purpose of this note to present some new results 
on the existence of Sasaki-Einstein metrics on simply connected 5-manifolds. In 
particular, we show that the answer to parts (iv) and (v) of Question 11.4.1 of 
jBG08| is in the affirmative, but so far we have been unable to determine all the 
manifolds that can occur. Specifically, we prove 

Theorem A. We have: 

(1) The rational homology spheres 

2A/2, 3M2, 5M2, 6M2, 7M2 

admit Sasaki- Einstein metrics. 

(2) There exist Sasaki- Einstein metrics on the mixed Smale manifolds 

Mooif^h, M^#Mi, Moo#A/5, M^^Mq, M^ifMr, M^#2M3, M^^UI^, 
2Moo#Af2, 2A/oo#A/3, 2Afoo#M4, 2M^^Mr„ MI^#M2, ^M^#M^, MI^^M^, 
4Afoo#Af2, ^M^^A'h, 4Afoo#2Af2, ^M^^^A'h, 5M^#2M2, 6M^#M2. 

(3) Moreover, the manifolds 2M^, Moc4i^M^, Moo4t^2M^ andSMadfM^ admit a 
countable infinity of Sasaki-Seifert structures each having Sasaki-Einstein 
metrics. 

Compared with our earlier work |BGN02al IBGN02b[ IBGN03b[ IBG031 IBGK051 
IBGKT051 IBG06| . the proof of this theorem requires two new ingredients, first, 
KoUar's Theorem 11.11 [Kol05| . and second, a generalization of previous estimates 
used in |BGN03b| to the case when branch divisors are present. The latter is 
Lemma 12.31 below. 
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The manifolds in part (3) of Theorem A are the first examples of an infinite 
number of deformation classes of Sasaki-Einstein metrics on Smale manifolds with 
torsion. The question as to which Smale manifolds admit positive Sasaki-Seifert 
structures that can be represented by links of isolated hypersurface singularities by 
weighted homogeneous polynomials is in itself an interesting one. Indeed, looking 
at the table in Theorem 10.2.25 of |BG08| we see that all Smale manifolds of the 
form kMoo4I^Mra with fc = 1, ■ • ■ ,8, and m > 12 admit positive Sasaki-Seifert struc- 
tures represented by isolated hypersurface singularities by weighted homogeneous 
polynomials except 5Afoo#Afin- Why this happens is not understood. Further- 
more, on the manifolds 6Moo#Mm, 7Moo#M„i, ^Moo^Mm with m > 12 there is 
a unique positive Sasaki-Seifert structure and it can be represented by such a link. 
Generally, it seems to be not very well understood exactly why and when positive 
Sasaki-Seifert structures can be represented by links of isolated hypersurface sin- 
gularities by weighted homogeneous polynomials. It seems quite remarkable that 
most of the known positive Sasaki-Seifert structures can be represented by such 
links. Keep in mind, however, that the complete resolution of problem (1) above 
is still open, and that the present paper treats only 10 of the 19 normal forms 
obtained by Yau and Yu |YY05| for links of weighted homogeneous polynomials, 
so exactly how effective our method is, remains to be seen. Furthermore, there 
is a generalization of our methods to links of complete intersections of weighted 
homogeneous polynomials where almost nothing is known. 

For some reason there are gaps appearing in the types of manifolds where our 
method is successful. For example, AM2 is proving elusive as far as the existence 
of Sasaki-Einstein metrics. We have found several infinite series of positive Sasaki- 
Seifert structures on 4il/2, including the double infinite series w = {2l,2{2k + 
1), (9; - 1)(2A: + 1), 9;(2fc + 1)) of degree d = m{2k + 1) with gcd(/, 2k + 1) = 1. 
The index is / = 2/ -I- 2A: -I- 1. No Sasaki- Einstein metrics are known to exist on 
these links, and for 2A: > 4Z — 1 or Z > 5A: -I- 2 no Sasaki-Einstein metrics can exist 
by the Lichnerowicz obstruction described in |GMSY07] . Again the exact reason 
seems elusive. 

Theorem B. In addition to the Smale manifolds described in Section 10.2.1 of 
[BG08| and those of Theorem A, the following Smale manifolds admit a count- 
able infinity of positive Sasaki-Seifert structures; hence, each such Sasaki-Seifert 
structure has Sasakian metrics of positive Ricci curvature: 

M4, Me, M^^Mi, 2Moo#4Af2, 2M^#Af3, 3A/oo#M2, 3M^#3M2, 6M^#M2, 

and Mao^riM2 for each n>2. Moreover, 2A/oo#«Af2 admits Sasakian metrics of 
positive Ricci curvature for each n > 0. 

Remark 1.2. From Theorem B and Table B.4.1 of |BG08| . we see that the rational 
homology 5-spheres Mm for m = 2, • • • , 6 all admit a countable infinity of positive 
Sasaki-Seifert structures, whereas, for m > 7 only finitely many are known. Indeed, 
from the discussion on page 345 of |BG08| it was anticipated that Af4 admits a 
countable infinity of positive Sasaki-Seifert structures, but not for ATg. Moreover, 
we now know that My admits at least 19 positive Sasaki-Seifert structures, but 
whether this number is finite or not is still unknown. 

Acknowledgments. The authors thank Ivan Cheltsov for pointing out a gap in 
our previous paper as well as his interest in our work. The first author would like 
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to thank the Courant Institute of Mathematical Sciences of New York University 
for its hospitahty during which this work was finished. 

2. Sasakian Structures on Links of Isolated Hypersurface 

Singularities 

We begin with a very brief summary of the Sasakian geometry of hnks of isolated 
hypersurface singularities defined by weighted homogeneous polynomials. For more 
details we refer the reader to [BG08j . Consider the affine space C"+^ together 
with a weighted C*-action given by (zq, . . . , z„) i— > {X^°zo, . . . , A'""2„), where 
the weights Wj are positive integers. It is convenient to view the weights as the 
components of a vector w G (Z+)"+^, and we shall assume that gcd(u'o, . . . , Wn) = 
1. Let / be a quasi-homogeneous polynomial, that is / € C[zo, . . . , z„] and satisfies 

/(A'"°zo,...,A"'"z„) = A'*/(zo,...,2„), 

where d G Z+ is the degree of /. We are interested in the weighted affine cone C / 
defined by the equation /(zq, . . . , Zn) = 0. We shall assume that the origin in C"+^ 
is an isolated singularity, in fact the only singularity, of /. Then the link L f defined 

by 

where 

n 

5^"+! = {(zo, . . . , z„) G C"+i| ^ |z,f = 1} 

is the unit sphere in C"+^, is a smooth manifold of dimension 2?! — 1. Furthermore, 
by the Milnor Fibration Theorem it is well-known that the link Lf is (ri — 2)- 
connected. 

An important special case of weighted homogeneous polynomials, which was used 
to great advantage in [BGKOSj . is that of the Brieskorn-Pham (BP) polynomials. 
These take the form 

/(zo, • • • ,z„) = zg" H h z^", 

where the exponents aj and weights Wj are related by ajWj = d for all j = 0, • • • , n. 
The BP polynomials are the simplest type whose zero set has only an isolated singu- 
larity at the origin. There is a classification of weighted homogeneous polynomials 
in terms of Newton polytopes [Kou76| . and a list of normal forms up to defor- 
mation has been given for n = 2 (3-dimcnsional links) by Orlik and Wagreich 
jOW7H[OW77] . and for n = 3 (5-dimensional hnks) by Yau and Yu |YY05| . It is 
always assumed that the polynomial is quasi- smooth^ that is, the hypersurface in 
C"+^ cut out by / = has only an isolated singularity at the origin. The criterion 
for quasi-smoothness is given in [IFOOj (see also Theorem 4.6.16 of jBGOSp . Since 
this paper only deals with five dimensional links, we give this case only, viz.: 

Criterion 2.1. A hypersurface Zd C CP(u'o, Wi, ^2, Ws) is quasi-smooth if and 
only if all of the following three conditions hold 

(1) For each i = 0, . . . , 3 there is a j and a monomial z™'Zj G iJ*'(CP(w), 0(d)). 
Here j = i is possible. 

(2) Ifgcd{w^,Wj) > 1 then there is a monomial z\'z]' G i7°(CP(vir), 0(d)). 
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(3) For every i,j either there is a monomial z'^'z'^^ G i7'^(CP(w), 0((i)), or 
there are monomials z-'z'^'zk and zfzfzi € i/0(CP(w), 0(d)) with {k, 1} ^ 

The list of normal forms given in |YY05| consists of 19 types, referred to herein 
as YY types. It was reproduced in an appendix of |BG08| , and we also reproduce 
it here in the appendix for the convenience of the reader. However, only 10 of 
the 19 types of Yau-Yu links can be written as a linear system of 4 equations in 4 
unknowns. These are types I- VII, X,XI, and XIX, and are the ones wc treat in this 
paper. 

We say that a polynomial /' is a perturbation of a polynomial / if a monomial 
of the form z°^^Zj in /' with j ^ i can be replaced by a monomial of the form z"' 
to give /. In such a case the polynomials / and /' have the same degree d and 
weight vector w. It means that the weight Wi of /' divides the degree d. After 
making all such replacements we say that / minimizes /' (or that / has minimal 
YY type). Once a minimal polynomial is given any additional monomials of the 
form z^° z\^ z^ z\^ with '^^biWi = d can be added to / to give the most general 
polynomial with a given weight vector w and degree d. One can then give a local 
moduli space of such links. In the case that Sasaki-Einstein metrics exist one then 
gets a local moduli space of Sasaki- Einstein metrics. See Section 5.5.2 of |BG08| 
for details. 

Recall that a Sasakian structure consists of a quadruple S ~ (^, 77, <f>, g) where 
(7 is a Riemannian metric, ^ is a unit length Killing vector field, 77 is a contact 
1-form such that ^ is its Recb vector field, and <!> is a (1,1) tensor field which 
annihilates ^ and describes an integrable complex structure on the contact vector 
bundle D — ker 77 with transverse metric dr\ o ® 1). On 5^"^^ there is a well- 
known "weighted" Sasakian structure iSw = (^w, 7?w, .9w), where the vector field 
is the infinitesimal generator of the circle subgroup S\, C C^. This Sasakian 
structure on 5*^"^^ induces a natural Sasakian structure, also denoted by iSw, on 
the link Lf. We shall often write L/ = L(yf\d) to emphasize the dependence on 
the weight vector and degree. The quotient space of 5"^"+^ by the circle S\,^ 
or equivalently the space of leaves of the characteristic foliation of iSw, is a 
projective algebraic variety with an orbifold structure embedded in the weighted 
projective P(w) = P(u'o,u'i, ■ • ■ , w„), in such a way that there is a commutative 
diagram 

^/ > ^1"+^ 

(1) 

2/ > P(w), 

where the horizontal arrows are Sasakian and Kahlerian embeddings, respectively, 
and the vertical arrows are principal orbibundles and orbifold Riemannian sub- 
mersions. 

We are interested in the set of all Sasakian structures associated to the foliation 
J^. When the foliation is quasi-regular, this is what we have called a Sasaki-Seifert 
structure [BG08| . and is conveniently phrased in terms of the basic cohomology 
class [dr]]B G H^'^{9^) via 

(2) §+{3^^) = {S' = (ae,r/,$',g') | [dTj'js - a-^dr^js, a > 0}. 
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Its subset S(^) defined by putting a = 1 in (l2|) can also be described in terms of the 
deformations rj ^ rjt ~ rj + Qt where Q is basic, rjo = ij, Co = and i]t A {dr]t)" ^ 
for all t G [0,1]. The first basic Chern class ci(3'^) is an important invariant of 
the space §(3^^), and when ci(5'^) can be represented by a positive definite (1, 1)- 
form any Sasakian structure S G is said to be positive. For the weighted 

homogeneous links Lf this corresponds to / = ^ Wi — d > 0, and the quotient Zf 
being a Fano orbifold. 

Suppose now we have a link Lf with a given Sasakian structure (^,77, $,(7). 
When can we find a 1-form C, such that the deformed structure rj + g') is 
Sasaki-Einstein? This is a Sasakian version of the Calabi problem and its solution 
is equivalent to solving the corresponding Calabi problem on the space of leaves Zj. 
Since a Sasaki-Einstein manifold necessarily has positive Ricci tensor, its Sasakian 
structure is necessarily positive. This also implies that the Kiihler structure on the 
orbifold Zf be positive, i.e. c°'^^{Zf) can be represented by a positive definite (1, 1) 
form. In this case there are well-known obstructions to solving the Calabi problem. 
In local uniformizing coordinates {zi}i for the complex orbifold Zf, one uses the 
continuity method to find solutions to the Monge- Ampere equations 

(3) det(,, + ^)=det(,.,)e-- 

for all t G [0, 1] subject to the condition 

where F is the discrepancy potential. See, for example, Section 5.2 of [BG08j and 
references therein. Generally there are obstructions to solving Equation ^ for 
all t. What is needed is a uniform bound. The continuity method will produce a 
Kiihler-Einstein orbifold metric on Zf, hence, a Sasaki-Einstein metric on Lf, if 
there is a 7 > -^^^ such that for every s > 1 and for every holomorphic section 
Ts G H^iZf, 0{~sKfl>)) = 0(s(|w| - d)) we have |r,|-? G L^{Zf ), that is 

(5) J Ir^l^^rfvolg < +00. 

Here K^^i" denotes the orbifold canonical divisor which generally differs from the 
ordinary canonical divisor Kz^ by a branch divisor. Recall that a branch divisor 
A is a Q-divisor of the form A = ^ where Di are Weil divisors on the 

underlying algebraic variety of Zf, and rrii is the ramification index, that is, the 
gcd of the orders of the local uniformizing groups F of the orbifold Zf aX all points 
of A. 

Fundamental to this method of producing Kahler-Einstein orbifold metrics is 
the work of Demailly and KoUar [DK01| . They establish the existence of Kiihler- 
Einstein metrics in our orbifold setting unless a certain analytic multiplier ideal 
sheaf is non-trivial. The multiplier ideal sheaves are associated to pluri-subharmonic 
functions, but there is a dictionary (see pp. 176-178 of [Laz04| . and pp. 157- 
158 of |BG08| for the orbifold setting) translating this into algebraic language. 
In particular, if the pluri-subharmonic function locally defines a divisor D on 
Zf that is invariant under the local uniformizing groups F, then triviality of the 
analytic multiplier ideal sheaf is equivalent to a certain algebraic condition known 
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as Kawamata log-terminal (kit). More precisely, let D = "^^aiDi be described by 
local F-invariant holomorphic functions g^. Then the function ipo ~ '^iO-i^og\gi\ 
is plurisubliarmonic and defines a multiplier ideal sheaf 

on the local uniformizing neighborhood U , and, hence, a multiplier ideal orbisheaf 
3{Z,D) on Zf. 

Definition 2.2. The pair {Z,D) is kit or Kawamata log-terminalj if for each 
local uniformizing neighborhood U there exists a log resolution of singularities fi : 
X ^ U such that 

Kx =n + <j^*D) + ^ a,E, 

with a; > — 1 for all exceptional Ei. 

This is equivalent to the non-triviality of the multiplier ideal orbisheaf, that is, 
the condition 3{Z,D) = Oz- Thus Demailly and KoUar prove the existence of a 
Kahler-Einstein orbifold metric provided all divisors numerically equivalent to an 
appropriate multiple of —K'^^ are kit. When phrased in terms of holomorphic 
sections this becomes Equation ([5]). 

In Corollary 6.1 of BGN03b^ the authors gave the following result when the 
weight vector w is well-formed, that is the gcd of any n of the weights wq, • ■ ■ , Wn 
is one. This corollary is derived from Corollary 4.1 of the same paper. As has been 
kindly pointed out to the authors by Ivan Cheltsov, there is a gap in the proof of 
Corollary 4.1 as the argument sketched there only applies at the singular points of 
P(w) and a different technique, such as the semi-continuity argument of Johnson 
and KoUar given in Proposition 11 of [JKOlj . is required to deal with all points 
on Zf. So here we sketch a proof which fills this gap. Moreover, in |BGN03b] 
the authors only treated the case when w is well-formed; however, the corrected 
argument works equally well in the non-well-formed case as long as one replaces 
the canonical divisor Kzf by the orbifold canonical divisor K'^^ = Kzf + A where 
is a branch divisor, see |BGK05| and Chapter 4 of [BGOSj . 

Lemma 2.3. Let L(w,d) be a link of a weighted homogeneous hypersurface with 
weight vector w = (kjq, Wi, 102, Wa) ordered as Wq < wi < W2 < W3. Let Z^ demote 
the corresponding projective algebraic orbifold. Furthermore, let I = |w| —d denote 
the Fano index. Then 

(1) The 5-manifold L{yv,d) admits a Sasaki- Einstein metric if2Id < SwqWi. 

(2) // the line zq = zi = does not lie in Z.^ and the weaker condition 2Id < 
3wqW2 holds, then L{w, d) admits a Sasaki-Einstein metric. 

(3) // the point (0,0,0,1) does not lie in -Ew ind the even weaker condition 
2Id < SwqWs holds, then i(w,d) admits a Sasaki- Einstein metric. 

Proof. We consider Proposition 11 of |JK01| only in the situation needed for this 
paper, namely where Z^ C P(w) is a hypersurface in weighted projective three- 
space. We will assume that w = (wq, ifi, u'2, ws) satisfies wq < wi < W2 < W3 and 
gcd{'Wo,wi,W2,W3) — 1. Let (f) : C/\{0} P(w) be the natural quotient map and 
let Z, = 'p^^iZf nP(w)\{z,, = 0}). Proposition 11 of |JK01| states that for each 
p& Zi 

multp(Zi) < deg(Zw) 
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where the degree is computed relative to Op(w)(l)- Moreover, as long as Zw is not 
the hyperplane zq = then there is a better bound: 

multp(Zj) < W3W2W0 deg{Z^) 

for all i and all p E Zi. Finally (this is the extra content of Corollary 4.1 of 
[BGN03b] ). if (0, 0, 0, 1) is not contained in then for all i and all x G Zi 

multp(Zj) < W2W1W0 deg(Zw). 

One key idea in the proof of Proposition 11 of [JKOl] is to use the affine cone 
Cf lying over Zf in order to bound the multiplicity of Zf at various points. Since 
the multiplicity of a variety at a point is an upper semi-continuous function of the 
point we deduce that for any point p E Zi 

multo(C/) > multp(Zi) 

and thus the goal is to bound the multiplicity of Cf at the origin. 

There arc two steps in the process of bounding multo(C/). First we cut out 
a zero dimensional cycle Z by successively intersecting with the coordinate 
hyperplancs Hi ~ {zi = 0}. In general, different hyperplanes are required for 
different components of the intersection class but in our case the entire process 
works globally. Lifting the cycle Z to Cf, this corresponds to cutting out the 
closure of each fibre = (j)~^{x) lying over a point x G Z, with ramification 
index Vx given by the order of the kernel of the action of C* on F^. As to the 
multiplicity of these fibres at which we must bound, we have 

(6) ■ muho(F:r) = WminH^i^O} 

as can be seen by looking at the relevant affine chart in the definition of P(w) as 
described in §1 of [JKOlj . 

Suppose, for the moment, that the point (0,0,0, 1) does not belong to Z-^. We 
claim that Hq D Hi f) Z^ is a proper intersection. Since Hq Ci Hi C P(w) is a line, 
if the intersection were not proper then the entire line Hq n Hi would be contained 
in Zw and this is not the case since (0,0,0,1) is not in Z^. Note that a weaker 
hypothesis is sufficient to guarantee that Hq n Hi n Z^ is proper but we will use 
the fact that (0, 0, 0, 1) is not in Z^ at the next step. Let x be one of the points of 
intersection of HoCiHiCi Z^. Then 

(7) ■ multo(F2;) < W2 

since x must be contained in one of the charts ^ for i < 2 and so ([7]) follows 
from ([6]). Since Zw fl iJo H i?i is a cycle of degree at most deg(Zw)wowi we see 
from ([7]), lifting to C/, that 

multo(C/) < Ac'g{Z^)wQWiW2 

as desired; indeed, the right hand side is the total degree of an intersection class, 
part of which, the left hand side, is supported at 0. The other two inequalities of 
jJKOl] Proposition 11 are obtained similarly except that in these cases one cannot 
necessarily choose Hq and H\ for the intersection and one does not necessarily have 
the inequality ([6]) and hence the inequalities obtained are weaker. This proves the 
lemma as well as fills the gap in Corollary 6.1 of [BGN03b] . 

□ 
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Note that all BP polynomials satisfy the better estimate (iii) of Lemma 12.31 
However, in [BGK05| a different estimate was used for the case of BP polynomials. 
These two estimates are somewhat independent. The estimate used in |BGK05| 
appears to be the better estimate for spheres, but the estimate in (iii) of Lemma 
I2.3l seems to be the better for Smalc manifolds of mixed type as well as some rational 
homology spheres. 

We also remark that many of the Sasaki-Einstein metrics given here occur with 
'moduli'. Using methods explained in |BG08| . it is straightforward to compute 
infinitesimal deformations of a Sasaki-Einstein structure on a given link. However, 
completeness of this infinitesimal deformation space is still unknown, and will be 
treated elsewhere. 

3. SmALE MANIFOLDS 

The reason that dimension five is so amenable to analysis stems from Smale's 
seminal work [Sma62| on the classification of compact simply connected spin 5- 
manifolds. The non-spin case was later completed by Harden |Bar65j . but the 
spin case will suffice here. Smale's classification of all closed simply connected 5- 
manifolds that admit a spin structure is as follows. Any such manifolds must be of 
the form 

(8) M - kMoo^Mra, # • • • #M,„„ 

where Moo = S"^ x S^, kMoo is the fc-fold connected sum of Moo, is a positive 
integer with dividing m.i+i and mi > 1, and where Mm is S'^ if m = 1, or 
a 5-manifold such that H2{M„n'^) = Z/m Z/to, otherwise. Here fc G N and 
k = means that there is no M^o factor at all. It will also be convenient to use 
the convention OA/qo = S^, which is consistent with the fact that the sphere is the 
identity element for the connected sum operation. 

The understanding of Sasakian geometry in dimension five owes much to the work 
of KoUar Kol05, KolOGt iKolOB] . In particular, he has given a complete character- 
ization of the torsion jKol05| for smooth Seifert bundles over a projective cyclic 
orbifold surface. Explicitly, he has shown that if a Smale manifold M admits a 
Sasakian structure, then H2{M,'Z) must take the form 

(9) H2{M,Z) = Z'= ® 

i 

where g{D) denotes the genus of the branch divisor D. This shows that only non- 
rational branch divisors contribute to torsion. To determine the Smale manifold we 
can also use a combinatorial method due to Orlik [Orl72j and a computer program 
written for us by E. Thomas. We refer to Corollary 9.3.13 and Conjecture 9.3.15 
of |BG08| for complete details. This conjecture is known to hold in dimension five 
[B(4S08j . 

4. Torsion and Branch Divisors 

Heretofore, Lf = L/(w, d) will denote a 5 dimensional link of a weighted ho- 
mogeneous polynomial / of degree d and weight vector w = {wq,wi,W2,W3). As 
mentioned previously such five dimensional links have been classified by Yau and 
Yu [YY05| . They gave a list of 19 normal forms which is reproduced in the Ap- 
pendix. First we make note of the fact that 10 of the 19 types of Yau-Yu links can 
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be written as a linear system of 4 equations in 4 unknowns. These are types TVII, 
X,XI, and XIX. All of these can be written as a matrix equation in the form 









Wi 


= d 


1 






1 


\W3) 




v) 



where A is 4 by 4 matrix depending on the exponents a. We refer to A as the 
exponent matrix. We assume that det A 7^ 0, in which case we write the solution 
as w = dA^^l^. We refer to links of this type as standard YY links. We are 
interested in 5-manifolds that have non-zero torsion, and by KoUar's result 
Equation ([9]) above, non-trivial torsion implies there must be branch divisors that 
are non-rational curves. We now consider some useful lemmas. 

Lemma 4.1. Let be the algebraic orbifold of a link Lf = L^(w, d). Then 
any branch divisor D that contributes to torsion in H2{Lf,'L) is a coordinate hy- 
persurface in Zw, that is, D is the hypersurface Zi = for some i = 0, • • • , 3. In 
particular, Z^, can have at most four branch divisors contributing to torsion. 

Proof. This follows from KoUar's result ^ above and the discussion on page 141 of 
|BG08j . Indeed, if Z? is a branch divisor contributing to torsion then the algebraic 
orbifold Zw is not well-formed, so some di = gcd(wo, • • • ,Wi, - ■ • ,W3) > 1, and D 
is obtained by setting Zi = 0. □ 

Lemma 4.2. Let Lf ~ Lf{w,d) be a link such that the polynomial f contains a 
term of the form Zj^ Zi. Then Di is not a branch divisor. 

Proof. Since the polynomial / contains a term of the form ZiZ°j\ we must have 
d — ajWj + Wi. But if Di were a branch divisor, we would have mi = gc(l{wj : j ^ 
i) > 1. But then since mi\d and all the Wj with j ^ i, it must divide Wi = d — ajWj 
as well. But this is impossible since gcd{wo,wi,W2,W3) = 1. □ 

Using Lemmas 14.11 and 14.21 we give a table of the number N of possible branch 
divisors that can contribute to torsion for each of the standard YY types. 



YY type 


I 


II 


III 


IV 


V 


VI 


VII 


X 


XI 


XIX 


N 


4 


3 


2 


2 


1 





2 


1 


1 






Moreover, it follows from Proposition 6.3 of |Kol05j that a positive Sasakian struc- 
ture can have at most one non-rational branch divisor. 

The following result about 3-dimensional links will prove useful. 

Lemma 4.3. Any curve C of the form Zq" + -I- Z1Z2 = or z^" + Z1Z2 = is 
rational. 

Proof. In both cases we have d = wi+ W2. So |w| — d = u'o > 0, which implies that 
C is rational by a theorem of Orlik [Orl70| . □ 

Instead of presenting a systematic investigation of all the YY links which would 
require computer searches, we prefer here to give some methods of ferreting out 
links with torsion in the hope of providing at least partial solutions to the problems 
given in the introduction. We also restrict ourselves at this time to the standard 
YY links. A more systematic approach using computer searches is currently in 
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progress. Here we present two methods which are complementary in the sense that 
one begins with the case ol many (meaning four) branch divisors, namely links of 
BP polynomials (which arc classified in |BG08| ) with fixed exponents and relatively 
high index and changes (a procedure we call jiggling) the weight vector to obtain 
a different YY type. The second method begins with a YY type with few branch 
divisors, and tries to give conditions to guarentec non-trivial torsion. This can also 
give links with more branch divisors as 'degenerate cases'. The minimal YY type 
is always presented. We illustrate these procedures with examples. 

Example 4.4. Consider the BP link of degree 24 and exponent vector a = (2, 3, 8, 8) 
given in Table B.4.1 of |BG108| . This gives a positive Sasaki-Seifert structure on 
the rational homology sphere 3M3 which also admits a Sasaki-Einstein metric. Its 
weight vector is w = (12, 8, 3, 3), and its degree is d = 24. We see that D2 is a branch 
divisor with ramification index 3 and genus 3. Since the index / = |w| — d = 2, 
we can jiggle the weight vector by lowering the weight wi to 7 and replacing the 
monomial by 2:^51(22, 23) where gi is a linear polynomial in Z2 and Z3. This gives 
the new link of YY type II with weight vector w = (12, 7, 3, 3), degree d = 24, and 
index / = 1 on the Smale manifold A/oo#3M3. Moreover, one sees by Lemma [2.31 
that this admits a Sasaki-Einstein metric. 

Example 4.5. For the second procedure we consider a YY link of type X. In this 
case the normal form is 

The positivity condition is 

J_ _|_ Qia2 + aias + Q2a3 - ai - 02 - ^3 + 3 ^ ^ 

flo aia2a3 + 1 

The only possible branch divisor is Dq which we want to be a non-rational curve. 
Notice that if wc denote the degree of the divisor by d' with weights w' — 
{w'i,w'2,w'^), then a necessary condition for Dq to be non-rational is d' — |w'| > 0. 
Now wc write w = (ujq, mw'i, mw'2, mw'^) with gcd(u'']^, w'2,w'^) — 1. Wc also have 

(11) d = aQWQ ~ aimw'i + mw'2 ~ a2mw'2 + mw'^ = a^mw'^ + mw[. 

So m divides d and gcd(m, wo) = 1; so wc write d — md! and oq ~ raa!^. The 
general solution for the weight vector w' of the branch divisor Dq is 

/«^'i\ ^ /l-a3 + a2a3\ 

(12) w' = = — 1 - ai + 0103 . 

1 + a,a2a, ^^^J 

We see from Equation pT|) that gcd{w'^,d') ~ 1 and gcd(w-,w^) = 1 for all i,j. 
Moreover, from ([T2|) and the fact that w'^ are relatively prime integers, we must have 
qd' = 1 + 010203 where g is a positive integer that must divide bi := 0^0^+1 — o^-i-i + 1 
where i G {1, 2, 3} mod 3. Now using the genus formula (Equation 4.6.5 of [BG08| ). 
and the general solution (fT2|) gives, with the help of Maple, 

/-.ON /n N 1 + 010203 -d' q-1 

(13) 9iDo) = = ^ 

which must be a non-negative integer implying that q must be odd. 

We consider the case a = (2, 3, 5, 03) which also implies m = 2. We look for 
solutions with q > 1 and odd, of course. It is now quite easy to satisfy the positivity 
condition which gives 5 < 03 < 18. Now searching for possible bi, we see that the 
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only solution is for 03 = 8, in which case we have 61 = 11, &2 = 33 and 63 = 22 
giving q = 11. We find d = 22 and w = (2,4,6,11) which is a perturbation of 
type VII, and occurs on the manifold 5Af2. It satisfies the optimal kit condition of 
Lemma |2.3[ and thus, admits a Sasaki-Einstein metric. 



5. Proofs of Theorems A and B 

Given our previous discussion the proofs of the main theorems arc now straight- 
forward. We need only exhibit links L{w, d) of isolated hypersurface singularities 
by weighted homogenous polynomials of degree d and weight vector w, and then 
check the positivity condition / = \w\ — d > 0, and the kit estimates of Lemma [^31 
We list the results in the appendix in the form of tables. Since we have come up 
short of a complete classification, we do not bother keeping track of the number of 
Sasaki-Seifert structures that occur when the cardinality is finite. We do, however, 
record the cases when there are a countable infinity of Sasaki-Seifert structures. 



6. Appendix: Tables 

Here we present tables giving links of isolated hypersurface singularities by 
weighted homogeneous polynomials. In the tables we list the weight vector w, 
the degree d, the Fano index / = |w| — d of the weighted homogeneous polyno- 
mial, the manifold, and whether there is a Sasaki-Einstein metric. In the case of 
the sporadic solution, we also list the exponent vector a of a typical polnomial as 
well as the Yau-Yu normal form type |YY05| (see also Table B.5 of [BGOSQ . We 
remark that the exponent vector is not generally an invariant of the Sasaki-Seifert 
structure, nor of the link, so we list the a that 'minimizes' the YY type. Moreover, 
we order the weights as wq < wi < W2 < W3. 

First we exhibit a table of infinite series solutions that admit Sasakian metrics of 
positive Ricci curvature, and will thus prove Theorem B. Four of the series admit 
Sasaki-Einstein metrics proving part (3) of Theorem A, while 3 series cannot admit 
Sasaki-Einstein metrics when k > A. The existence of such metrics is unknown in 
all other cases. It is interesting that the only series solutions that we found that 
admit Sasaki- Einstein metrics all involve M3. Note that here (a, b) — gcd(a, b). 
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weight vector w 


a 


1 


manitoid 


C Z7 


(2, 2k, k{2n + 1), 2k{n + 1)), (fc, 2) 1 


Ak{n + 1) 


k + 2 




710, i f k > A 


(2,4,4n,4ri+ 1) 


4(2n + 1) 


3 


2Moo#nM2 


? 


(4,4/c + 2,4fc + 3,2(4fc + 3)) 


4(4fc + 3) 


3 


2Moo#Af2 


? 


(4,4fc - l,4fc,8fc) 


16k 


3 




? 


(2, 3fc + 2, 4fc + 2, 2(3fc + 2)), (fc, 2) = 1 


4(3fc + 2) 


k + 2 




jio, if k > A 


(3,3fc + 2,3(2fc + l),3(3fc + 2)) 


6(3fc + 2) 


2 


3M^#A/3 


yes 


(6,3(2fc + l),4(3fc+ l),9(2fc+ 1)) 


18(2/c + 1) 


4 




yes 


(3,3fc,6fc- l,9fc) 


18fc 


2 


Moo#2M3 


yes 


(3,3fc- l,3fc,3fc) 


9k 


2 


2A/„o#A/3 


? 


(2,2fc+l,2(2fc + l),2(3fc + l)) 


6(2fc + 1) 


1 


6A/oo#M2 


? 


(2,2fc,4fc,6fc- 1) 


12fc 


1 


2A/oo#4Af2 


? 


(6,2fc,4fc,3(2fc- 1)), (fc,3) = 1 


12fc 


3 


2A/oo#M2 


? 


(2,2fc,2fc,4fc- 1) 


8fc 


1 


3A/oo#3Af2 


? 


(3,3fc,6fc- l,9fc) 


18fc 


2 


2M3 


yes 


(4,3(2fc + l),4(2fc+l),4(3fc+l)) 


12(2/c+ 1) 


2fc + 3 




no, if k > A 


(6,6fc- l,12fc,18fc) 


36k 


5 




? 



Table 1. Series solutions giving a countable infinity of positive Sasaki- 
Seifert structures on manifolds having non-vanishing torsion. 



The next two tables will complete the proof of Theorem A. The first table gives 
a list of rational homology spheres of the form 7T.Af2 that can admit Sasaki- Einstein 
metrics. None of these rational homology spheres with n > 1 were known previously 
to admit such metrics. We also indicate some links where the existence of Sasaki- 
Einstein metrics is still unknown. 
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a 


w 


7 

a 


r 
1 


maniioid 


bhj 


Y Ytypc 


(11,5,3,2) 


(2,4,6,11) 


22 


1 


5M2 


yes 


VII 


(7,7,3,2) 


(2,2,4,7) 


14 


1 


6A/2 


yes 


II 


(27,7,3,2) 


(4, 18,42,63) 


126 


1 


3Af2 


yes 


II 


(14,9,3,2) 


(8,14,42,63) 


126 


1 


M2 


yes 


II 


(9,7,3,2) 


(4,6,14,21) 


42 


3 


3M2 


7 


II 


(9,7,3,2) 


(4,6,14,19) 


42 


1 


SA'h 


yes 


VII 


(11,9,3,2) 


(18,20,66,99) 


198 


5 


M2 


? 


II 


(11,9,3,2) 


(18,22,60,99) 


198 


1 


M2 


yes 


II 


(10,9,3,2) 


(8, 10,30,45) 


90 


3 


M2 


yes 


II 


(10,9,3,2) 


(6, 10,30,45) 


90 


1 


M2 


yes 


II 


(15,7,3,2) 


(2,4,10,15) 


30 


1 


6M2 


yes 


II 


(12,9,3,2) 


(4,6,18,27) 


54 


1 


3M2 


yes 


II 


(17,4,3,2) 


(4, 14,26,41) 


82 


3 


2M2 


7 


X 


(12,4,3,2) 


(4,10,18,29) 


58 


3 


2M2 


7 


X 


(7,4,3,2) 


(4,6,10,17) 


34 


3 


2M2 


7 


X 


(15,5,3,2) 


(2,6,8,15) 


30 


1 


5M2 


yes 


II 


(5,5,5,2) 


(2,2,2,5) 


10 


1 


6M2 


yes 


I 


(6,5,5,2) 


(4,6,6,15) 


30 


1 


2M2 


yes 


II 


(7,5,5,2) 


(10,12,14,35) 


70 


1 


2M2 


yes 


II 


(9,9,3,2) 


(2,2,6,9) 


18 


1 


7M2 


yes 


I 


(21,7,3,2) 


(2,6,14,21) 


42 


1 


6M2 


yes 


I 


(15,9,3,2) 


(6,10,30,45) 


90 


1 


M2 


yes 


I 



Table 2. Sporadic examples of rational homology spheres of the form 
nM2 with n > 1 that can admit a Sasaki-Einstein metric. 
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Finally, we give a table of Smale manifolds of mixed type most of which admit 
Sasaki-Einstein metrics, thus completing the proof of Theorem A. 



a 


w 


d 


/ 


manifold 


SE 


YYtype 


(5,3,3,3) 


(9,10,12,15) 


45 


1 




"lies 

a 


IV 


(8,4,3,2) 


(3,6,7,9) 


24 


1 


Moo#2M3 


yes 


IV 


(9,4,3,2) 


(2,4,6,7) 


18 


1 


2A/oo#3M2 


? 


VII 


(10,4,3,2) 


(4,10,12,15) 

\ 1 1 ' / 


40 


1 


3A/oo#M2 


yes 


IV 


(6,4,4,2) 


(8,9,12,20) 


48 


1 




yes 


IV 


(16,5,3,2) 


(3,9,13,24) 


48 


1 


A/oo#2A/3 


yes 


VII 


(6,4,2,2) 


(4,6,9, 10) 


24 


5 


A/oo#M2 


7 


IV 


(6,4,4,2) 


(4,6,6,9) 

\ 7 5 7 / 


24 


1 




lies 

a 


IV 


(6,5,3,2) 


(10,12,16,25) 

\ " 7 7 / 


60 


3 




? 


IV 


(12,5,3,2) 


(10,24,32,55) 


120 


1 




lies 

a 


IV 


(6,4,3,3) 


(4,5,8,8) 

\ 7 7 7 ^/ 


24 


1 


2A/oo#^/4 

l_XJ / / ^ 


lies 


II 


(8,6,4,2) 

\17 7 / 


(6,7, 12,24) 


48 


1 




lies 


II 


(12,4,4,2) 


(4,9,12,24) 

\ 7 7 7 / 


48 


1 




yes 


II 


(7,6,4,2) 

V ) ' 1/ 


(6,7,9,21) 

\1 7 7 / 


42 


1 


l_XJ / / 


lies 


II 


(6,6,4,2) 

\1 7 1/ 


(4,4,5, 12) 

\ 7 7 7 / 


24 


1 


Moo#2M4 


lies 


II 


(12,5,4,2) 

V 7 ) 7 / 


(5,11,15,30) 


60 


1 




lies 


II 


(12,7,3,2) 


(7,8,28,42) 

\ 7 7 7 / 


84 


1 




yes 


II 


(10,8,3,2) 

\ 7 " 7 / 


(4,5, 12,20) 

\ 7 7 7 ~ / 


40 


1 


3Afoo#M4 


lies 


II 


(8,8,3,2) 


(3,3,7,12) 


24 


1 


Afoo#3A'/3 


yes 


II 


(21,6,3,2) 


(2,7, 14,20) 

\ 7 7 7 / 


42 


1 


6A/oo#A/2 


7 


II 


(8,4,4,2) 


(2,3,4,8) 

\ 7 7 7 / 


16 


1 




yes 


II 


(6,6,4,2) 

\1 7 1/ 


(2,2,3,6) 

\7 7 7 "/ 


12 


1 


57\/oo#2M2 


lies 


I 


(12,8,3,2) 


(2,3,8,12) 


24 


1 


6Moo#M2 


yes 


I 


(10,5,4,2) 


(2,4,5,10) 


20 


1 


4Afoo#2A/2 


yes 


I 


(12,9,3,2) 


(3,4,12,18) 


36 


1 


4i\/oo#A/3 


yes 


I 


(8,6,4,2) 


(3,4,6,12) 


24 


1 


37\/oo#M3 


yes 


I 


(12,10,3,2) 


(5,6,20,30) 


60 


1 


2Afoo#M5 


yes 


I 


(18,8,3,2) 


(4,9,24,36) 


72 


1 


2Afoo#M4 


yes 


I 


(9,6,4,2) 


(4,6,9,18) 


36 


1 


2A/oo#M2 


yes 


I 


(12,6,3,2) 


(3,6,10,18) 


36 


1 


M^#2Ah 


yes 


II 


(12,6,3,2) 


(3,6,11,18) 


36 


2 


A/oo#2Af3 


yes 


II 


(6,6,3,2) 


(3,3,5,9) 


18 


2 


Afoo#2A'/3 


yes 


II 


(20,5,4,2) 


(3,12,16,30) 


60 


1 


Afoo#2A/3 


yes 


II 


(8,5,4,2) 


(5,7,10,20) 


40 


2 




yes 


II 


(8,5,4,2) 


(5,6,10,20) 


40 


1 




yes 


II 



Table 3. Some new sporadic examples of simply connected 5-dimensional 
manifolds of mixed type which can admit Sasaki-Einstein metrics. 
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Table: The Yau-Yu Links in Dimensions 5 


Type 


f{zQ,Zl,Z2,Z3) 


|w|/degree(/) 


I (BP) 


z§ + z1 + z^ + zi 


a b c ~^ d 


II 


z§ + z1 + z^ + Z2zi 


a ^ b ^ c ^ cd 


III 


Zq + Zi+ Z^Z-i + Z2^3 


1 1 1 1 d-1 , c-1 
a ' b cd-1 ' crf-1 


IV 


Zq + Zqz\ + + Z2Z3 


1 1 a— 1 1 i 1 c— 1 
a nb r. rd 


V 


ZpZi + zo^i + 2:2 + -2223 


0—1 1 a— 1 1 1 1 c— 1 
ab-1 ' ab-1 c cd 


VI 


+ ZqzJ + Z^Zz + 2:2^3 


r T T ^7 T T 

0—1 1 a— 1 1 a— 1 1 c— 1 
ab-1 ' ab-1 ' cd-1 ^ dc 


VII 


^0 + -Zl + + ^2^3 


1 1 1 1 b-1 1 lb(c-l) + l] 
a ^ b ^ be ^ bed 


VIII 


Zq + Z^ + Z1Z2 + ZlZ^ + Z^zl 
p(6_l) _ 


T 1 L -I 1, T 

a 6 &c fed 


IX 


Zg + z\z3 + zfza + zizf + z{zl 

p(d-l) gb(d-l) _ -, 
6d-l ' c(6d-l) 


1 (d—^ \ h(d—^ \ h i 
a ' bd-1 ' c(bd-l) ' bd-1 


X 


Zq + 2:^2:2 + 2^23 + 21 2^ 


1 ld(c-l) + l] lb(d-l) + l] 
a ^ bcd+l ' bcd+l 

1 |c(b-l) + l] 

' bcd+l 


XI 


Zq + Zqz\ + 2i22 + 2223 


1 1 a-1 1 |a(6-l) + l] 

a ab abc 
[ab(c-l) + (a-l)] 

+ abed 


XII 


Zq + 2q2-^ + 2o22 +2^23 + Z^ Z,^ 
p(a-l) 1 g(a-l) _ -j^ 
nh nr. 


1 « 1 « 1 Ir7(/)— 11^1 

i 1 a — i 1 a — 1 1 ^)'^\ 
a ab ac abd 


YTTT 


Zq + 2o2]^ + 2l22 + 2123 + 22X3 
p[a(fc-l) + l] f;[a(;,-l) + l] _ ^ 
abc ' abd 


1 1 a-1 1 a-1 1 |a{b-l) + lj 
a ab ac abd 


XIV 


Zn + 2:02;? + zoZn + 2;oZq + zf 2:9 + z^z^ 

p(a-l) . q{a-l) _ ^ _ r{a-l) . s(a-l) 
ah nr. nr nd 


1 1 a— 1 1 a — 1 1 a— 1 
a ab ac ad 


XV 


ZqZi + Zqz\ + 2o22 + 2223 + z{zl 
p(a-l) . gb(a-l) _ -, 
ab-l ' c(a6-l) 


b-1 1 a-1 1 b(a-l) 
ab— 1 ab— 1 c(ab— 1) 
. [c(ab-l)-b(a-l)] 
cd(ab-l) 


XVI 


2^21 + 202^ + 20^2 + 20^1 + Z{zl + 2^21 
p(a— 1) . Q6(a— 1) -j^ r(a— 1) . s(a— 1) 
nb—1 ' c(a6— 1) ac ' ad 


(b-l) . (a-1) . b(a-l) . b(a-l) 
ab-1 ' ab-1 ' c(ab-l) ' d(ab-l) 


XVII 


ZqZi + 202J + 21 + 2023 + Z^zl + Zgzl 
p(a-l) . g6(a-l) _ -, _ r(6-l) . sa(b-l) 
ah-l ' (i{ab-l) ^ -l- — ab-1 ' c{ab-l) 


b-1 1 a-1 1 a(6-l) . 6(a-l) 
ab-1 ' ab-1 ' c(ab-l) ' d{ab-l) 


XVIII 


2q22 + 2025* + 2l22 + 2123 + 2^z| 
p[a(b-l) + l] 1 gc[a(b-l) + l] , 
abc+1 ' d(abc+l) ^ 


[b{c-l) + l] 1 lc{a-l) + l] 

abc+1 ' abc+1 
[a(b-l) + l] c[a(b-l) + l] 

c(abc+l) ' d{abc+l) 


XIX 


ZqZ3 + Zqz\ + Z^Z3 + 222^ 


lb(d{c-l) + l)-lj ld(c(a-l) + l)-lj 
abrd—1 ' abcd—1 
[a(b(d-l) + l)-l] [c(a(b-l) + l)-l] 
abcd—1 ' abcd—1 
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